A linear operator T between two vector lattices normed by locally solid Riesz spaces is said to be p τ -continuous if, for any p τ -null net (x α ), the net (T x α ) is p τ -null, and T is said to be p τ -bounded operator if it sends p τ -bounded subsets to p τ -bounded subsets. Also, T is called p τ -compact if, for any p τ -bounded net (x α ), the net (T x α ) has a p τ -convergent subnet. They generalize several known classes of operators such as norm continuous, order continuous, p-continuous, order bounded, p-bounded, compact and AM-compact operators. We study the general properties of these operators.
LN Ss to [8, 11] and [6] . If X is a vector lattice and the vector norm p is monotone (i.e. |x| ≤ |y| ⇒ p(x) ≤ p(y)) then the triple (X, p, E) is called a lattice-normed vector lattice, abbreviated as LN V L; see [5, 6, 7] .
A subset A of vector lattice is called solid whenever |x| ≤ |y| and y ∈ A imply x ∈ A. Let E be a vector lattice and τ be a linear topology on E that has a base at zero consisting of solid sets. Then the pair (E, τ ) is said a locally solid vector lattice (or, locally solid lattice, or locally solid Riesz space). A locally solid lattice (E, τ ) is said to have the Lebesgue property if, for any net (x α ) in E, x α o − → 0 implies x α τ − → 0, and is also said to satisfy the Fatou property if τ has a base at zero consisting of solid and order closed sets. It follows from [1, Thm.2.28 ] that a linear topology τ on a vector lattice E is a locally solid iff it is generated by a family of Riesz pseudonorms {ρ j } j∈J . Moreover, if a family of Riesz pseudonorms generates a locally solid topology τ on a vector lattice E then x α τ − → x iff ρ j (x α − x) → 0 in R for each j ∈ J. In this article, unless otherwise, the pair (E, τ ) refers to as a locally solid lattice, and the topologies in locally solid lattices are generated by families of Riesz pseudonorms {ρ j } j∈J . Also, all vector lattices are assumed to be real and Archimedean.
Let (X, p, E) be an LN V L with (E, τ ) being a locally solid lattice. Then (X, p, E τ ) is said to be a vector lattice normed by locally solid Riesz space (or, vector lattice normed by locally solid lattice), abbreviated as LSN V L in [4] . Throughout this article, we use X instead of (X, p, E τ ), and Y instead of (Y, m, Fτ ). Note that L(X, Y ) denotes the space of all linear operators between vector spaces X and Y . If X is a normed space then X * denotes the topological dual of X. We abbreviate the convergence p(x α − x) τ − → 0 as x α pτ − → x, and say in this case that (x α ) p τ -converges to x. A net (x α ) α∈A in an LSN V L (X, p, E τ ) is said to be p τ -Cauchy if the net (x α − x α ′ ) (α,α ′ )∈A×A p τ -converges to 0. An LSN V L (X, p, E τ ) is called (sequentially) p τ -complete if every p τ -Cauchy (sequence) net in X is p τ -convergent. In an LSN V L (X, p, E τ ), a subset A of X is called
for all u ∈ X + ; see [4] . In this paper, we frequently use the following lemma and so we shall keep in mind it; see [4, Lem.1.1]. Lemma 1.1. If (x α ) α∈A and (y α ) α∈A be two nets in a locally solid vector lattice (E, τ ) such that |x α | ≤ |y α | for all α ∈ A and y α τ − → 0 then x α τ − → 0.
p τ -Continuous and p τ -Bounded Operators
In this section, we give the notions of p τ -continuous and p τ -bounded operators.
− → 0 in Y , and if the condition holds only for sequences then T is called sequentially p τ -continuous,
Remark 2.1.
(i) Let T, S : (X, p, E τ ) → (Y, m, Fτ ) be p τ -continuous operators. Then λS + µT is also p τ -continuous for any real numbers λ and µ. In particular, if H = T − S then H is p τ -continuous. Moreover, if −T 1 ≤ T ≤ T 2 with T 1 and T 2 are positive and p τ -continuous operators then T is p τ -continuous.
(ii) Let T be an operator between LSN V Ls (X, p, E τ ) and (Y, m, Fτ ) with (E, τ ) and (F,τ ) having order bounded neighborhoods of zero. [15, Sect.4, p.468] . For a locally solid lattice (X, τ ) with the Lebesgue property, the p τ -continuity of T : (X, |·|, X τ ) → (Y, · Y , R) implies order-to-norm continuity of it.
(iii) Let X be a vector lattice and (Y, m, Fτ ) be an LSN V L, and T : X → Y be a strictly positive operator. Define p :
is an LSN V L, and also, the map T : 
The converse of Proposition 2.1 is not true in the general. For instance, consider ℓ ∞ with the norm topology and R with the usual topology, and the identity operator
But it is not dominated; see [8, Rem.p.388] . Next proposition gives a relation between the p τ -and order continuity. 
Proof. Since Y is order complete and T is order bounded, by Riesz-Kantorovich formula, we have T = T + − T − . Now, Proposition 2.2 implies that T + and T − are both order continuous, and so T is order continuous.
The following work, which is p τ -version of [7, Prop.3] , gives norm continuity of sequentially p τ -continuous operator on the mixed-norms. Proposition 2.4. Let (X, p, E τ ) and (Y, m, Fτ ) be two LSN V Ls with (E, · E ) and (F, · F ) being normed vector lattices, and where τ andτ are generated by the norms. 
The following is p τ -version of [7, Prop.5 ], so we omit its proof. Proposition 2.5. Let (X, · X ) be a normed vector lattice and (Y, · Y ) be a normed space. Put E := R X * and define p :
It is easy to see that (X, p, E τ ), where τ is the topology generated by the norm · X * , is an LSN V L. Then the followings hold;
(ii) The converse holds if the lattice operations of X are weakly sequentially continuous.
up τ -Continuous Operators
Recall that a net (
for all u ∈ X + ; see [4] . Theorem 3.1. Let (X, p, E τ ) and (Y, m, Fτ ) be LSN V Ls with (E, · E ) being a Banach lattice and (F, · F ) being normed vector lattice, and also τ andτ are being generated by the norms. Then the followings hold;
It is clear that if T is (sequentially)
is a dominated lattice homomorphism operator and I T (X) (the ideal generated by T (X)) is up τ -regular in Y then it is sequentially up τ -continuous.
Proof
Taking into account that T is a lattice homomorphism and T v = u, we get m |T x n |∧u ≤ S p(|x n | ∧ v) . By [1, Thm.4 .3], we know that every positive operator from a Banach lattice to normed vector lattice is continuous, and so S is continuous. Hence, we get
, and we get the desired result.
(ii) Since T is a lattice homomorphism, T (X) is vector sublattice of Y . So T (X), m, Fτ is an LSN V L. Thus, by (i), we have T : (X, p, E τ ) → T (X), m, Fτ is sequentially up τ -continuous.
Next, we show that
and so, by taking lattice homomorphism of T , we have
It follows from 0 ≤ w ≤ T x that m (|T x n | ∧ w) ≤ S p(|T x n | ∧ x) . Now, the argument given in the proof of (i) can be repeated here as well. Thus, we see that T : (X, p, E τ ) → I T (X) , m, Fτ is sequentially up τ -continuous. Since I T (X) is up τ -regular in Y , it can be easily seen by (ii) that T : X → Y is sequentially up τ -continuous.
It
for each x ∈ X + . Then we have the followings; (i) S is up τ -continuous operator;
(ii) The Kantorovich extension of S is up τ -continuous operator.
Proof. (ii) We show firstly that S has the Kantorovich extension. To make this let see additivity of it. By using [2, Lem.1.4], for any up τ -null net (x α ) in X + , we have
So, by taking supremum, we get S(x + y) ≤ S(x) + S(y). On the other hand, for any two up τ -null nets (x α ) and (y β ) in X + , using the formula in the proof of [2, Thm.1.28], we get We complete this section wit the following technical work. 
The Compact-Like Operators
In this section, we define the notions of p τ -compact and up τ -compact operators.
Definition 4.1. Let X and Y be two LSN V Ls and T ∈ L(X, Y ). Then T is called p τ -compact if, for any p τ -bounded net (x α ) in X, there is a subnet (x α β ) such that T x α β pτ − → y in Y for some y ∈ Y . If it holds only for sequence then T is called sequentially p τ -compact.
Example 4.1.
is (sequentially) p τ -compact iff T : X → Y is compact.
(ii) Let X be a vector lattice and Y be a normed space. An operator T ∈ L(X, Y ) is said to be AM -compact if T [−x, x] is relatively compact for every x ∈ X + ; see [14, Def.3.7.1]. Let (X, τ ) be a locally solid vector lattice with order bounded τ -neighborhood and Lemma 4.1. If S and T are (sequentially) p τ -compact operators between LSN V Ls then T + S and λT , for any real number λ, are also (sequentially) p τ -compact operators.
(ii) If T is a (sequentially) p τ -compact and R is a p τ -bounded operators then T • R is (sequentially) p τ -compact. (ii) Let X be an LSN V L and (Y, · Y ) be a finite dimensional normed space, andτ be the topology generated by this norm. If T : (X, p, E τ ) → (Y, |·|, Yτ ) is p τ -bounded operator then it is sequentially p τ -compact. 
Proof. Let (x n ) be a p τ -bounded sequence in X. By Remark 4.2, there exists a subsequence (x n k ) such that, for any m ∈ N, T m x n k pτ − → y m for some y m ∈ Y . We show that (y m ) is a p τ -Cauchy sequence. Consider the following formula
The first and the third terms in the last inequality bothτ -converge to zero as m → ∞ and j → ∞, respectively. Since 
Hence, by op τ -continuity of (Y, q, Fτ ), we get q(T m x n k −T j x n k )τ − → 0 in F . By the formula (1), (y m ) is p τ -Cauchy. Since Y is sequentially p τ -complete, there is y ∈ Y such that q(y m − y)τ − → 0 in F as m → ∞. So, for arbitrary m, if we takeτ -limit with k in the following formula
Since m is arbitrary,τ − lim q(T x n k − y)τ − → 0. Therefore, T is sequentially p τ -compact.
Similar to Theorem 4.4, we give the following theorem by using equicontinuously and uniformly convergence. 
(ii) If (T m ) uniformly converges on zero neighborhoods to an operator T : (X, |·|,
Question 4.6. Is it true that the modulus of (sequentially) p τ -compact operator is (sequentially) p τ -compact.
Let (X, E) be a decomposable LN S and (Y, F ) be an LN S with F being order complete. Then each dominated operator T : X → Y has the exact dominant | | |T| | | : E → F ; see [11, 4.1.2,p.142]. For a sequence (T n ) in the set of dominated operators M (X, Y ), we
Theorem 4.7. Let (X, p, E τ ) be a decomposable and (Y, q, Fτ ) be a sequentially p τ -complete LSN V Ls with F being order complete. If (T m ) is a sequence of sequentially p τ -compact operators and
Proof. Let (x n ) be a p τ -bounded sequence in X. By Remark 4.2, there exists a subsequence (x n k ) and a sequence (y m ) in Y such that, for any m ∈ N, T m x n k pτ − → y m . We show that (y m ) is p τ -Cauchy sequence in Y . Consider the formula (1) of Theorem 4.4. Similarly, the first and the third terms in the last inequality of (1) bothτ -converge to zero as m → ∞ and j → ∞, respectively. Since
Since Y is sequentially p τ -complete, there is y ∈ Y such that q(y m − y)τ − → 0 in F as m → ∞. By the following formula
and by repeating the same of last part of Theorem 4.4, we get q(T x n k − y)τ − → 0. Therefore, T is sequentially p τ -compact.
is an AM -space with a strong unit, and (Y, m, Fτ ) be an LSN V L, where (F, · F ) is normed vector lattice andτ is generated by the norm
Proof. Let (x n ) be a normed bounded sequence in (X, p-· E ). That is p-x n E = p(x n ) E < ∞ for all n ∈ N . Since (E, · E ) is an AM -space with a strong unit, p(x n ) is order bounded in E. Thus, p(x n ) is τ -bounded in E; see [1, Thm.2.19(i)]. So, (x n ) is a p τ -bounded sequence in (X, p, E τ ). Since T is sequentially p τ -compact, there are a subsequence x n k and y ∈ Y such that m(T
It is known that finite rank operator is compact. Similarly, we see the following work. 
Then there is a subnet (x α β ) such that f (x α β ) → λ for some λ ∈ R. For y 0 ∈ Y , we have the following formula
By the Lebesgue property of F , we get m(T x α β −λy) Proof. Assume (x n ) be a norm bounded sequence in X. Since T is sequentially p τ -compact, there are a subsequence (x n k ) and
We now turn our attention to the up τ -compact operators. It is clear that a p τ -compact operator is up τ -compact, and similar to Lemma 4.1 linear properties hold for up τ -compact operators. Moreover, an operator Proposition 4.14. Let (X, p, E τ ) be an LSN V L and R, T, S, H ∈ L(X).
(ii) If T is an (sequentially) up τ -compact and R is a p τ -bounded then T • R is (sequentially) up τ -compact.
Now, we investigate a relation between sequentially up τ -compact operators and dominated lattice homomorphisms. The following is a more general extension of [12, Prop.9.4] and [7, Thm.8] , and its proof is similar to Theorem 3.1. Proof. We will prove the sequential case; the other case is similar. Let (x n ) be a p τ -bounded sequence in X. So, there are a subsequence (x n k ) and some y ∈ Y such that T x n k upτ − − → y in Y . In particular, it is up τ -Cauchy. Fix u ∈ Y + and note that |Sx n k − Sx n j | ∧ u ≤ (S|x n k − x n j |) ∧ u ≤ (T |x n k − x n j |) ∧ u = |T x n k − T x n j | ∧ uτ − → 0 as k, j → ∞. Thus, we get (Sx n k ) is a up τ -Cauchy sequence in Y . Therefore, it follows from up τ -complete of Y . : u ∈ X + } for each x ∈ X + is also up τ -compact operator.
Proof. Suppose (y β ) is a p τ -bounded net in X + . Then there is a subnet (y βγ ) such that T y βγ upτ − − → y for some y ∈ Y , and so m |T y βγ − y|∧ w τ − → 0 in F for all w ∈ Y + . For u ∈ X + and fixed w ∈ Y + , we have 0 ≤ T (u∧y βγ ) ≤ T (y βγ ), and so |T (u∧y βγ )−y|∧w ≤ |T (y βγ )− y| ∧ w. By taking supremum over u ∈ X + , we get |Sy βγ − y| ∧ w ≤ |T (y βγ ) − y| ∧ wτ − → 0, and so we get the desired result.
Remark 4.3. The sum of two p τ -bounded subsets is also p τ -bounded since the sum of two solid subsets is solid. Moreover, for a p τ -bounded net (x α ) in an LSN V L (X, p, E τ ), the nets (x + α ) and (x − α ) are p τ -bounded. The following theorem is up τ -compact version of Proposition 4.18, so we omit its proof.
